Brief Introduction to Topological Strings

Sunghyuk Park
April 21, 2019
This is a note on Gromov-Witten theory, following [ , ]!
Contents
1 Topological sigma models 1
11 2dN =(2,2)sigmamodel . . . .. ... ... L 1
1.2 Topological twisting : A-twistand B-twist . . . . ... ... .. ... ... . ... ... 3
1.3 Topological type-Amodel . . . ... ... ... ... .. ... 4
14 Topological type-Bmodel . . . .. ... ... ... ... ... o oo 7
2 Topological string theory 8
21 Couplingtogravity . . . . ... .. ... .. 8
2.2 Mathematical description of Gromov-Witten invariants . . . . ... ... ... ... .. 9
3 Further topics 10
3.1 Integrality : Donaldson-Thomas and Gopakumar-Vafa invariants . . . ... ... ... 10
3.2 Open Gromov-Witten invariants . . . .. ... ... ... .. ... ... ... ..... 12

1 Topological sigma models

1.1 2d N = (2,2) sigma model

1 2

Let 2!, 22 be Euclidean coordinates, and let z = z! + iz? and z = 2! — iz?.

2d N = (2,2) SUSY algebra In2d N = (2,2) supersymmetry, there are 4 supercharges, often
denoted by Qn, with o = =+ is the spinor (Lorentz) index and a = =+ is the R-charge index.? The 2d
N = (2,2) SUSY algebra satisfies the following relations (assuming no central charges) :

{Qa+a QB—} = '75,3Pu
{Qa+,Qp+} =0.

Commutation relations with some U(1) currents are given by
1
[/, Qa] = £5Qa

[Fp,Qq+] = i%@—&-i

[Fr,Q-+] =0
[FR,Qsx] =0

(Fr,Qs] = £5Q .

!This short note was prepared for string theory class April 22 and 24, 2019.
We're following notation convention in [ ] here. In [ l, Qo and Q,, are used instead of Q.+ and
Qa—, respectively.



Here J is the current for SO(2) Lorentz transformation, and F7, r are left and right internal U (1)
(R-symmetry) currents.

Superspacetime formalism In2d N = (2,2) superspacetime formalism, the spacetime is (locally)
R2(22) | Bosonic coordinates are as usual, but there are additional fermionic coordinates %%, o =
+, a = +£. Superfields are functions on this superspacetime. The covariant derivatives and the
supercharges act on this superfields as follows :

0

Do+ iaeai F 0970,
0

=4 4+ 0%F9,,.

Qod: 890‘i 0 804

They satisfy commutation relations

{Da—HDa—} = 28@
{Qa-ﬁ-a Qa—} - _2604
{Daa7 Qﬁb} =0.

We can explicitly write down the supersymmetry transformation
0P = naaQaaq)

in terms of components fields, but we won’t do that here. (See [VI05] p.73 instead.)

2d NV = (2,2) sigma model Chiral multiplets are superfields ® such that
Do_® = 0.

Similarly anti-chiral multiplets ® satisfy
Dyt ® = 0.

Let’s consider a collection of d chiral multiplets ® and d anti-chiral multiplets ! with I J=1,---,d.
In terms of component fields,

o' = ol +o°tyl + o toTTR,

of =al 6oyl 4670 FL___

Consider an action with D-term only :
S = / d?2d"0 K (97, ®7).

Assume that 9707 K is positive definite. Geometrically this is a sigma-model with complex d-dimensional
Kahler target X. The local complex coordinate is given by z!, z!. The fermions are spinors with val-
ues in

iy €D(Dy, 2" TXI0) @ Sy),

i €D(Dy, 2" TXOD @ S4).

The Kéhler potential is K (!, 27) and the Kahler metric is given by
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1.2 Topological twisting : A-twist and B-twist

When defined on a curved surface Xy, there is no covariantly constant spinor, and the supersymme-
try is lost. However, By what is called topological twisting, we can preserve some supersymmetry in
such a way that it agrees with the origina 1 theory on a flat surface.

Vector and axial R-symmetry The F7, g currents combine into Fy- and F4 currents® :

Fy :=F;, + Fgr
Fyp:=F; — Frg.

It turns out that U(1)y is never anomalous, while U(1) 4 is anomalous. Recall that the kinetic fermion
term of the action is

Sp= [ @2Gryh Dbl 4l D),

g9

The axial anomaly is measured by the index of the Dirac operator* :

dim Ker Dz — dim Ker D, = / ¥ (c1(TX)).
29
Hence the axial anomaly vanishes iff the target is Calabi-Yau.
Topological twisting (Topological) twisting is a procedure of redefinition of the spin of the fields

using R-symmetries. There are two possible twists (up to conjugation) in our situation, called the
A-twist and the B-twist. Those twists redefine the spin current as follows :

A-twist: J=J—Fy
B-twist: J=.J+ Fy.

U)e Ul)p, UMp, UQ)y Ud)a A-twist U(1)y, B-twist U(1)y
Qs | +1/2 +1/2 0 11/2 +1/2 0 +1
Q_y | —1/2 0 +1/2 +1/2  —1/2 ~1 ~1
Qi | +1/2  —1/2 0 —1/2  —1/2 +1 0
Q__ | —1/2 0 ~1/2  —1/2  +1/2 0 0

Table 1: Summary of quantum numbers of (), under various U (1) symmetries

In both cases we get two scalar supercharges and a vector supercharges. Define the topological charge
to be

A-twist: Qa=Q4+ +Q__
B-twist: Qp=Q4+_ +Q__.

Define a vector charge G/, to be

A-twist : Gz = Q+_ 5 Gg = Q_+
B-twist : GZ = Q++7 Gg = Q_+.

They satisfy the following ‘twisted SUSY" relations :

Q*=0
{Q7 Gu} =P I
3We follow the convention of | ], which is slightly different from [ ].

*See p.297 of | ].



Cohomological field theory Let’s briefly review the topological field theories of cohomological
(a.k.a. Witten) type. A cohomological field theory is a quantum field theory on a manifold M that has
a scalar symmetry § acting on the fields in such a way that the correlation functions do not depend
on the background metric. Two common features of cohomological field theories are :

e ¢ is a Grassmannian symmetry; i.e.
62 =0.

e The energy momentum tensor is j-exact; i.e.
Ty = 6G
for some tensor G .

The metric independence of correlation functions formally follows from the second condition, be-
cause for any é-invariant operators Oy, --- , Oy,

0
dgtv

(O1---0,) = (01~ Oy Ty, = (O1 - - 0n6G )
=£(0(01--0,GL)).

Here in the last line we have formally applied integration by parts and assumed that the boundary
contribution vanishes. The observables in a cohomological field theory are j-invariant operators,
and the physical states are J-invariant states. Observe that the twisted SUSY relations above already
partially satisfy the conditions required for being a cohomological field theory. We will see that the
twisted sigma models of type-A and B are indeed cohomological field theories.

1.3 Topological type-A model

Action The fermionic fields and the auxiliary fields change their spin after the twisting, so we
rename them as follows :

I_ 1 I_ 1 I I
X =iy, pr=yYog, Fr =0,
X'=ol_, pl=vi_, Fl=F___

The topological charge @ = Q 4 acts on scalar fields by °
(@2 =x", {Qx}=0

The action for the theory is

- - - 1 I
Sa = /2 d2z\/§ [G[j <g“”8u3313,,:13‘] — g‘”’pﬁD,,XJ — g“”piD,,XI — ZQ“VFJF;])
g

1
+ §QWRJ’JI’<LP£PZXK L] ={Q,V} +/2 W
g9

where ) .
V- /E P Gg Gy [QPgFg b Sl EL+ (oo + pgam} |
g9
Hence the action is a sum of a Q-exact term and a topological term.® It follows that T}, is Q-exact.
Therefore the twisted A-model is a topological field theory of cohomological type!

SFor the full action, see p-79 of [ ] or p.409 of 1.
In [ ], it says that the A-model action is Q-exact, but it is wrong, as we see here that there’s topological term.



Geometric interpretation Geometrically, we can interpret X' as the basis dz’ of differential forms
on X. Then @ acts on 2’ and x’ like the de Rham differential on X. More generally,
O¢ = ¢i1...ipxil s Xip — = ¢i1...ipd$i1 A Adz'
Qir+0, Q0
Qa=Q4t+Q__+d=090+0.

It follows that
{physical operators} ~ Hjnp(X).

Semi-classical approximation For a cohomological field theory with Q-exact action, semi-classical
approximation is exact. This is because

G0N0 = 4 [ Dooe 49 — L. 0v)) —o,
dt dt
In the A-model, the action was not Q-exact but a sum of a Q-exact term and a topological term. Still
we can first write the path integral as sum over topological sectors classified by
B =z.[%,) € Hy(X,Z).

Then for each topological sector we can apply the semi-classical approximation which localizes the
path integral to instantons which are holomorphic maps z : £, — X.” In another words, the bosonic
part of the action S is given by

Sp = / dQZGIj(aza:Iaga:j + ﬁza:jf)gxl)
29
= 2/ szGuagxlazxj—i-/ zFw > / 'w=w-pB
Eg Zg 29

where w = iG7dz’ A dz” is the Kéhler form. The minimum is attained for holomorphic maps. In
case we have a non-trivial B-field, the action for a holomorphic map would be

Sb:/z 2 (w+1iB) = (w+iB) - f.

g

That is, we replace the Kéhler form by the complexified Kahler form w + iB.

Correlation function Now let’s consider the correlation function :
(O1--0,) = Z (01045
BEH(X,Z)

where
<(91-~(95>g:/ DxDxDpe*SOl--~OS.
I*[Zg]:ﬁ

The semi-classical approximation localizes this integral to a finite dimensional space, namely the
moduli space of holomorphic maps My, (X, 3). Its expected (complex) dimension is

vdim My, (X, ) :/Bcl(TX)—i—(dimX)(l—g).

Let’s identify the operator O; inserted at p; € ¥, by the pull-back of ¢; € H*(X) by the evaluation
map. Then correlation function is given by

(O1---04)3 :e_tﬁ/ evigr A - Aev,ps
MEQ(Xaﬂ)

where tg = (w + iB) - § is the complexified Kidhler parameter. For example, when g = 0 and 5 = 0,
Ms, (X, B) ~ X, and we see that the correlation function is simply the classical intersection number.

"This directly follows from the localization principle saying that the path integral localizes to the loci where the Q-
variation of the fermions vanishes. In the A-model, those Q-fixed points should obey 0zx = 0 and hence are holomorphic.



Selection rule We have an obvious selection rule : the correlation function is non-vanishing only
when the sum of the degrees of the operators matches with the dimension of the moduli space. This
selection rule has a physical interpretation as well : an operator O, corresponding to ¢; € HP"%(X)
has vector R-charge ¢y = —p; + ¢; and axial R-charge g4 = p; + ¢;. The selection rule

d pi=)Y g=ca(TX) B+dim X(1-g)
=1

i=1

follows from the fact that the vector R-symmetry is non-anomalous and the axial anomaly is mea-
sured by index of the Dolbeault operators, which is RHS of the selection rule.® Note that for Calabi-
Yau X, the correlation function vanishes for g > 1. We'll see in the next section that we can still get
meaningful invariants by coupling the theory to two-dimensional gravity.

Prepotential Suppose X is a Calabi-Yau 3-fold. The genus 0 Gromov-Witten invariants can be
encoded into a generating function called the prepotential Fy (a.k.a. the genus 0 partition function or
genus 0 Gromov-Witten potential) of non-constant maps :

Fo(t) = NosQ”
B£0

where Q; = e~' to emphasize its dependence on Kihler parameters. The coefficients N 3 are from
the three-point functions

<0¢10¢20¢3>:/X(blU¢2U¢3+ZQBNO’B/5¢1/5¢2/B¢3
B#0

for (1,1) forms ¢1, ¢2, 3. We can recover all the information about three-point (or higher) functions
by differentiating the prepotential’ :

9;0;0kFo(t) = Tyjn(t) = Cijr, — / ®i U ¢ U oy
X

Twisted chiral ring, an example : X = CP! Let P and Q be operators corresponding to 1 €
H°(CP') and H € H?(CP'). Then it is easy to see that'"

(PPQ) =1

(QQQ) =™
where t = (w + iB) - [CP!]. All the other correlation functions vanish. It follows that the twisted
chiral ring of the CP' sigma model is

QH*(CP') ~

In general, the twisted chiral ring of the CP" sigma model is

Clz]

QH*(CP") ~ Fa it

Observe that in the limit ¢ — oo, the (small) quantum cohomology ring becomes the ordinary coho-
mology ring.

81n this sense, anomaly = dimension of moduli space.
Isee p-533 of [ I
19See pp.415-416 of [[ 11.



1.4 Topological type-B model

Action Let’s assume that the target manifold X is Calabi-Yau. Let’s rename the fields as their spin
has changed after B-twist :

Pi = ¢-I|-+a XI = 7/’-11-—, Fl = F£+ 44

pl=vyl, x'=v¢' , FP'=F .

It is convenient to change the variables as

The Q = Qp acts on scalar fields by!!
Q.21 =0, [Q.2]=n,

Q'Y =0, {Q.0:} =G, ;F’.

Note that () g acts differently on holomorphic and anti-holomorphic coordinates on X! The action
for the theory is'?

sB=/E Pl = {Q.V)

where V is given by
V:/ d*z\/g[ -]
29

That is, the B-model action is Q-exact!

Geometric interpretation Geometrically, we can interpret n! as the basis dz! for the anti-holomorphic

differential forms on X. Then @ acts on z!, 2!, 5! as the Dolbeault operator 0 on X. More generally,

0

I I
—dr', 05« —
n x J Y]

peen 2 e QOP(NITX)

Jidg T I Judq g T !
O¢ _ N _qnh e 77]139]1 R QJq YRS (b]_llnqudxh A - Adazlr Oz1 OrJa

LI,

Qp < 0

It follows that the physical operators correspond to elements of the Dolbeault cohomology.

{physical operators} ~ @ HOYP(M,NITM).
p,q=0

Correlation function The selection rule says thatif ¢; is a (p;, ¢;)-form, then the correlation function
(O - - - Og) can be non-vanishing only when

Y pi=> g=d(l-g).
i=1 i=1

"F¥or the full action, see [ 1p.83or| ] p-420.
2The detail is not that important, so I won’t write this down. See [ ] p. 84 instead.




Thanks to ()p-exactness of the action, the semi-classical approximation is exact. In the B-model,
there are no non-trivial instantons.'> Hence it follows that the path integral reduces to an integral
over X. The correlation function is given by

<(’)1---Os>:/X<gz51/\---/\¢s,Q>/\Q

where () is a non-vanishing section of Ky = Q%%(X). This means that the correlation functions
are not really functions but sections of a bundle on the moduli space of complex structures on the
Calabi-Yau.

B-model prepotential The moduli space M of different complex structures on X has dimension
h%1. Choose a symplectic basis (4,, B%), a = 0,--- ,h*! for H3(X). That is, A, N B® = §%. Define

the periods as
Zq = / Q, F*= Q.
Aq Be

Then it turns out that z* are (locally) complex projective coordinates for the complex structure mod-
uli M. Of course we can introduce (local) inhomogeneous coordinates

ta:@a azla' 7h271
20
The function
112,
FO(ta) = 725 Zza}'a
ZO a=0

is called the B-model prepotential. In case X is a Calabi-Yau 3-fold, the three-point function of opera-
tors corresponding to Beltrami differentials /14, 15, ftc (corresponding to tangent vectors %, B%,’ 8%6)
is

(010203) = 0,050 Fp.

Deformation of the theory Let me briefly comment on possible deformations on the theory. In
cohomological field theory, we can deform the action by adding topological operators like

Wd()%) - ¢(n)
Tn
where ,, € H,,(X) and ¢ is the n-th topological descendant of ¢; i.e.
do(™ = s+,

In particular, in our 2-dimensional worldsheet, we can consider the second descendant. In order that
this extra term we’re adding to the action has vanishing U(1)y charge, ¢ should have degree 2. In
case our target space X is Calabi-Yau 3-fold, this corresponds to a deformation of Kdhler structure
in A-model, and a deformation of complex structure in B-model.'*

2 Topological string theory

2.1 Coupling to gravity

The correlation functions we have seen in the previous chapter are examples of Gromov-Witten in-
variants. For g > 1 the correlation functions were trivial, essentially because we were considering a
fixed metric on the Riemann surface; the moduli space was too small. In order to get a non-trivial
theory for higher genus we need to couple the theory to two-dimensional gravity.

BThis again follows directly from the localization principle because Q-fixed points should obey d,2" = 0, meaning
that it is a constant map.
See [ 1, pp-405-406 for more detail.



Topological string amplitude Define the genus g topological string amplitude (a.k.a. genus g free
energy) for g > 1 as follows' :

39—3 39—3 39—3
Fyp= [T dmdmd [T Gust) [T G- G
9 =1 =1 =1

Here 11; are 3g — 3 Beltrami differentials spanning the complex tangent space to M, at the point %,
dm; are the dual one-forms to the p;, G4, G__ are the currents corresponding to Q44+ and Q__; i.e.

T++(Z,5) = {Q7G++(275)}7 T__(Z,E) = {Q,G__(Z,E)},

and
G++(Mi> ::/ dQZGzz/Jf;v
Eg

fo(ﬁg) = / dQZ Gggﬁi.
29
These G’s have axial charge —1 and hence cancels axial anomaly. Therefore this provides an appro-
priate measure on the moduli space M,. This F;; depends only on the Kdhler moduli for the type-A
model, and on the complex moduli for the type-B model.

Relation to Calabi-Yau compactifications of type II string theory Recall that type II string theory
compactified on a Calabi-Yau 3-fold X is a 4d N = 2 theory. For type IIA string theory, the resulting
theory has 1 gravity multiplet, 1"} (X) vector multiplets, and 1 + h*!(X) hypermultiplets. For type
IIB string theory, the resulting theory has 1 gravity multiplet, 2*!(X) vector multiplets, and 1 +
hb1(X) hypermultiplets. Notice that the number of vector multiplets agree with the dimension of
the moduli that determine the prepotential Fi(¢) in the type-A and the type-B model. Indeed, from
the target space point of view, t;(x) is be a 4-dimensional field which is a scalar component of a vector
multiplet. It is known that topological string amplitudes on R*! x X compute certain F-terms in the
4-dimensional effective action.

Type-A topological string The type-A topological string can be evaluated as a sum over instanton
sectors, i.e. holomorphic curves. Hence we have

Fy(t) = ZNMQB.
3

Here N, 3 = f[ﬂg,o (X,8)]¥irt 1 € Q are the Gromov-Witten invariants. This is exactly I, g that we will
discuss below.

2.2 Mathematical description of Gromov-Witten invariants

Moduli space M, of stable curves For g > 1, the moduli space M, of Riemann surfaces of genus
g is a non-singular Deligne-Mumford stack. By including stable nodal curves, we obtain its com-
pactification ﬂg, the moduli space of stable curves.'® This is a compact, connected, non-singular,
irreducible Deligne-Mumford stack of (complex) dimension 3g — 3.7

Moduli space M, , of stable pointed curves We can similarly compactify the moduli space M, ,,
of n-pointed curves of genus g. Because each marked point gives one degree of freedom,

dim M, = dim M, +n =3g — 3 +n.

>Due to axial charge violation, F, € T'(£??~2) where L is the line bundle on M,.

16 A stable curve is a connected nodal curve such that every irreducible component of geometric genus 0 (rep. 1) has at
least 3 (resp. 1) node branches. That is, it has finite group of automorphisms

7This dimension makes sense even for g = 0, 1 as virtual dimension.



Moduli space M, ,(X, 3) of stable maps Let X be a non-singular projective variety. A morphism
f from a pointed nodal curve ¥ to X is a stable map if every genus 0 contracted component of
has at least 3 special points. The moduli space of stable maps (X, p1, - - - , pn, f) (up to isomorphism)
such that f,[¥] = B € Hy(X,Z) is denoted by M, (X, 3). This is a compact Deligne-Mumford
stack. Note that there are natural n evaluation maps ev; : M, (X, 3) — X given by

evi s (3,p1,- -, pn, f) = fpi)-
The virtual dimension of the moduli space of stable maps is
vdim M, (X, B) = h°(Z, F*TX) — hY(Z, f*TX) + dim Def(Z, p1, -+, pp) — dim Aut(Z, p1, -+, pn)
= /BCI(TX) +(dimX)(1—-g)+39g—-3+n= /BCI(TX) (dim X —3)(1—g)+n

by the Riemann-Roch theorem. Notice that when X is Calabi-Yau 3-fold and n = 0, then this virtual
dimension is always 0.

Virtual fundamental class It is known that the moduli space of stable maps carries a virtual fun-
damental class [M, (X, 8)]'" € Hayaim (X, Q).

Gromov-Witten invaraints We can pair the virtual fundamental class with cohomology classes
to make numerical invariants of X. Given classes 71, - ,v, € H*(X), the corresponding Gromov-
Witten invariant is defined by

Toms (1~ m) = (1) = / evi(m) U-+- Uevh(mm).
(Mg n(X,B)]VE

Similarly, the (gravitational) descendant invariants are defined by

(ar (1)~ T (1)) = / evi(11) U U+ Uev’ () Unicn

(Mg, (X,B)]Vir

Here ¢; := ¢1(L;) where L; is the i-th tautological line bundle whose fiber at each point (£, p1, - - - , pp, f)
is the cotangent line to ¥ at p;.

3 Further topics

3.1 Integrality : Donaldson-Thomas and Gopakumar-Vafa invariants

Gopakumar-Vafa invariants Gopakumar and Vafa made a remarkable conjecture that the topo-
logical string amplitude can be expressed in the following form :

g ZF/ g2 ang g— 22 sin(dgs/2) 2972Qd6
o e dgs/2

B#0 d>1

where n% € Z are Gopakumar-Vafa invariants (BPS invariants). These BPS invariants count (with

weight (—1)%) the SU(2)[, content of the number of BPS D2-branes with charge 8 € H2(X,Z) in a
particular basis of the SU(2), representation ring. This conjecture in particular says that at genus 0
each BPS state contributes

> %

This could be understood as a sum of contribut1ons of all the multicoverings with degree d of a given
primitive curve. The conjecture accounts to the bubbling effect as well. For instance, a genus 0 BPS
state contributes to I, with a weight

| Bag|

2g(2g — 2)!"

10



Apparently no rigorous definition of BPS invariants is known, but it is argued that
gt = ()T (M)

where M, s g is the moduli space of irreducible genus g curves with § ordinary nodes.

Donaldson-Thomas invariants Let X be a nonsingular projective Calabi-Yau 3-fold. Let I,,(X, )
be the moduli space of ideal sheaves 7 satisfying

[Y]=8eHy(X,Z), x(Oy)=n
where Y is the subscheme of X determined by Z :
0—-7Z—0x — 0y —0.

The Donaldson-Thomas invariant is the integration of the dimension 0 virtual fundamental class

Nug = / 1€Z.
(X B

The partition function of the Donaldson-Thomas theory is

Zpr(q.t) = Nupg"Q".
B,n

GW/DT correspondence Let X be a nonsingular projective Calabi-Yau 3-fold. Let F(.;, (gs,t) =
> 340 > 950 Na,3 92972Q" be the reduced free energy (contributions from non-constant maps). The
reduced partition function is

Ziw (9s:t) = exp Foy (9s:t) = 1+ Y Zoy(95)5Q°.
B0

On the Donaldson-Thomas side, we have the reduced partition function

Zpr(q,t)
Zpr(g,t) = Zor( 0o

where Zpr(q)o is the degree 0 partition function which is conjectured to be

x(X)
H 1
L=t
Maulik, Nekrasov, Okounkov and Pandharipande [ ] conjectured that the two reduced par-

tition functions are the same under the change of variables

Zgw (gs, t) = Zpp(—e . t).

Gopakumar-Vafa conjecture implies that Z(,;;,(gs)s defines a series in ¢ = e~ with integer coef-
ficients, and GW /DT correspondence identifies this g-series with the reduced partition function of
the Donaldson-Thomas invariant.

11



3.2 Open Gromov-Witten invariants

One can extend the theory to the open topological strings. The worldsheet is now a Riemann surface
¥4,» with genus g and h holes. The relevant boundary conditions are Dirichlet boundary conditions
on Lagrangian submanifolds £ C X. If we consider a topological open string theory with NV topolog-
ical D-branes wrapping a Lagrangian submanifold £, then we also have U (/N) Chan-Paton degrees
of freedom on the boundaries. The path integral is modified by inserting Wilson lines

HTrPexp 7{) z*(A)

corresponding to the boundaries. The type-A open topological string theory describes holomorphic
maps from open Riemann surfaces ¥, to the Calabi-Yau with Dirichlet boundary conditions spec-
ified by L. The topological sectors of an open string instanton can be classified by the bulk part and
the boundary part. For the bulk part, we set

:L’*[Zgﬁ] =p € HQ(X, Z)
For the boundary, we can specify the homology classes
f*[CZ] =w; € Hl(ﬁ)

In the end, the free-energy of the type-A open string theory at fixed genus g and boundary data w
can be expressed as a sum over open string instantons :

Fg,w(t) = Z Fg,w,,@QB‘
B

The quantities F} ,, g are open Gromov-Witten invariants.

Mathematical definition of open Gromov-Witten The basic difficulty in rigorously counting open
holomorphic curves is that while degenerations of closed curves are of real codimension 2 in moduli,
the boundary degenerations of curves with boundary are of real codimension 1 in moduli. Recent
work of Ekholm and Shende [ ] suggests that the open Gromov-Witten invariant should take
value in the skein module of the Lagrangian brane. More precisely,

Uxp=1+ Y (e3% —e 29)XWy(u) . QU] a " (0u) € SK(L)[Q]]

u primitive

Here Sk(L) := Qgq, Sk(L:), Qg = Zlq*2, (q% — ¢~ 2)1]2,, each Sk(L;) is the Q,[a*!]-module gen-
erated by embedded framed 1-manifolds modulo isotopy and HOMFLY skein relations, and

SK(L) = Sk(L) @q, Q((g5))
with injective ring homomorphism determined by
q— e’

The factor (6%95 - e‘égs)*X(“) accounts for degenerate contributions (multicovering). Ekholm and
Shende showed how ¥ behaves well under conifold transition and also that the coefficient of /1 ®
@y in Wpegs gsur, = Ui, /Yy is a monomial times (K) € Sk(S?), i.e. the the HOMFLYPT
polynomial of K.

12
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